Abstract. We construct classes of permutation polynomials over F Q 2 by exhibiting classes of low-degree rational functions over F Q 2 which induce bijections on the set of (Q + 1)-th roots of unity. As a consequence, we prove two conjectures about permutation trinomials from a recent paper
Introduction
A polynomial f (x) ∈ F q [x] is called a permutation polynomial if the function α → f (α) induces a permutation of F q . Many authors have determined collections of permutation polynomials having especially simple shapes. The vast majority of these polynomials have the form x r h(x d ) where h ∈ F q [x] and d > 1 is a divisor of q − 1. The reason this form is special is that a general result (see Lemma 2.2) asserts that x r h(x d ) permutes F q if and only if gcd(r, d) = 1 and x r h(x) d permutes the set of (q −1)/d-th roots of unity in F * q . This leads to the question of producing collections of polynomials which permute the set µ k of k-th roots of unity in F q for certain values of k. In this paper we introduce a new variant of this construction, in which the induced function on µ k is most naturally given by a rational function rather than a polynomial. It is perhaps surprising that there are permutations of µ k which can be represented by a rational function having an especially simple form, but which cannot be represented by an especially simple polynomial. We obtain the following classes of permutation polynomials. Theorem 1.1. Let Q be a prime power, let n > 0 and k ≥ 0 be integers, and let β, γ ∈ F Q 2 satisfy β Q+1 = 1 and γ Q+1 = 1. Then
n permutes F Q 2 if and only if gcd(n+2k, Q−1) = 1 and gcd(n, Q+1) = 1.
Date: 07 October 2013. Theorem 1.2. Let Q be a prime power, let n, k be integers with n > 0 and k ≥ 0, and let β, δ ∈ F Q 2 satisfy β Q+1 = 1 and δ / ∈ F Q . Then
n permutes F Q 2 if and only if gcd(n(n + 2k), Q − 1) = 1.
The following corollary illustrates these results in the special case n = 3, for certain values of β, γ, δ. Corollary 1.3. Let Q be a prime power, and let k be a nonnegative integer. The polynomial g(
permutes F Q 2 if and only if gcd(2k + 3, Q − 1) = 1 and 3 ∤ Q.
Specializing even further to the values k = Q − 3, k = 1, and k = 0 yields the following consequence.
In case Q = 2 2m+1 , the first two parts of this corollary were conjectured by Tu, Zeng, Hu and Li [7] . Conversely, these conjectures were the impetus which led to the present paper.
The proofs of our results rely on exhibiting certain permutations of the set of (Q+1)-th roots of unity in F Q 2 . The permutations we exhibit are represented by Rédei functions, namely, rational functions over a field which are conjugate to x n over an extension field. For further results about such functions, see for instance [2, 5, 6] and [3, Ch. 5] . Although permutation polynomials on subgroups of F * q have also been studied [1] , the present paper is the first to examine Rédei permutations of any such subgroup which is not itself the multiplicative group of a subfield.
We prove Theorems 1.1 and 1.2 in the next two sections, and deduce the corollaries in Section 4. We conclude this paper by using our approach to give a very simple proof of a substantial generalization of the main result of [7] .
Proof of Theorem 1.1
In this section we prove Theorem 1.1. Throughout this section, Q is a prime power, and we write µ d for the set of d-th roots of unity in the algebraic closure F Q of F Q . We begin with a lemma exhibiting the permutations of µ Q+1 induced by degree-one rational functions.
Lemma 2.1. Let Q be a prime power, and let ℓ(x) ∈ F Q (x) be a degreeone rational function. Then ℓ induces a bijection on µ Q+1 if and only if ℓ(x) equals either
• β/x with β ∈ µ Q+1 , or
Proof. If ℓ(x) induces a bijection on µ Q+1 , then it maps at least Q + 1 ≥ 3 elements of F Q 2 into F Q 2 ; since a degree-one rational function can be defined over any field which contains three points and their images, it follows that ℓ(x) is in F Q 2 (x). Thus, we may assume that
This polynomial is divisible by x Q+1 − 1 if and only if it equals (α Q+1 − γ Q+1 )(x Q+1 − 1), or equivalently
If α = 0 then, since α Q δ = γ Q β but αβ = γδ, we must have β = 0, and then δ Q+1 = γ Q+1 , whence f (x) = −δ/(γx) where (−δ/γ) Q+1 = 1. Now suppose α = 0, so that upon dividing α, δ, γ, β by α we may assume that α = 1. Then δ = γ Q β and γ
The next lemma was first proved in [8] .
and only if both
This lemma has been used in several investigations of permutation polynomials, for instance see [4, 8, 9, 10, 11] . Since the proof of Lemma 2.2 is short, we include it here for the reader's convenience.
We now prove Theorem 1.1.
Q−1 permutes µ Q+1 . Henceforth we assume that gcd(n + k(Q + 1), Q − 1) = 1, or equivalently gcd(n + 2k, Q − 1) = 1; note that this implies n is odd if Q is odd, so that (−1)
which is impossible since δ / ∈ µ Q+1 . Hence h(x) has no roots in µ Q+1 , so h(µ Q+1 ) ⊆ F * Q 2 , whence g(µ Q+1 ) ⊆ µ Q+1 . Thus, g permutes µ Q+1 if and only if g is injective on µ Q+1 .
Next, for α ∈ µ Q+1 we compute
Since r − n = k(Q + 1) and α Q+1 = 1, it follows that g is injective on µ Q+1 if and only if
so G is injective on µ Q+1 if and only if x n is injective on ℓ(µ Q+1 ). By Lemma 2.1 we have ℓ(µ Q+1 ) = µ Q+1 , so x n is injective on this set if and only if gcd(n, Q + 1) = 1. This concludes the proof.
Proof of Theorem 1.2
In this section we prove Theorem 1.2. As in the previous section, Q is a prime power, and µ d denotes the set of d-th roots of unity in F Q . We begin by determining the bijections µ Q+1 → F Q ∪ {∞} which are induced by degree-one rational functions.
Lemma 3.1. Let Q be a prime power, and let ℓ ∈ F Q (x) be a degree-one rational function. Then ℓ(x) induces a bijection from µ Q+1 to F Q ∪{∞} if and only if ℓ(x) = (δx−βδ Q )/(x−β) with β ∈ µ Q+1 and δ ∈ F Q 2 \F Q .
. Thus we may write ℓ = (δx − γ)/(αx − β) with δ, γ, α, β ∈ F Q 2 and δβ = γα. Moreover, we may assume that ℓ −1 (∞) = β/α is in µ Q+1 , so that after suitably scaling δ, γ, α, β we may assume that α = 1 and β ∈ µ Q+1 . Under these hypotheses, ℓ induces a bijection from µ Q+1 to F Q ∪ {∞} if and only if the numerator of ℓ(x)
which is congruent mod x Q+1 − 1 to
is divisible by (x Q+1 − 1)/(x − β) if and only if g(x) is the zero polynomial, or equivalently
Since β ∈ µ Q+1 , the second condition follows from the first, as δ +
is nonzero precisely when δ / ∈ F Q . Finally, one can easily check that the same conclusion holds when Q = 2.
We now prove Theorem 1.2.
Proof of Theorem 1.2. Write h(x) := (δx − βδ Q ) n − δ(x − β) n and r := n + k(Q + 1). By Lemma 2.2, f (x) = x r h(x Q−1 ) permutes F Q 2 if and only if gcd(n + k(Q + 1), Q − 1) = 1 and g(x) := x r h(x) Q−1 permutes µ Q+1 . Henceforth we assume that gcd(n + k(Q + 1), Q − 1) = 1, or equivalently gcd(n + 2k, Q − 1) = 1; note that this implies n is odd if Q is odd, so that (−1) n = −1 in F Q . We begin by showing that h(x) has no roots in µ Q+1 . Our hypothesis
which is a contradiction. Hence h(x) has no roots in µ Q+1 , so h(µ Q+1 ) ⊆ F * Q 2 , whence g(µ Q+1 ) ⊆ µ Q+1 . Thus, g permutes µ Q+1 if and only if g is injective on µ Q+1 .
so G is injective on µ Q+1 if and only if x n is injective on ℓ(µ Q+1 ). By Lemma 3.1 we have ℓ(µ Q+1 ) = F Q ∪ {∞}, so x n is injective on this set if and only if gcd(n, Q − 1) = 1. This concludes the proof. (2) and (3) follow at once from the cases k = 1 and k = 0 of Corollary 1.3. The case k = Q − 3 of Corollary 1.3 asserts that g(x) := x Q 2 −2Q + 3x Q 2 −Q−1 − x Q 2 +Q−3 is a permutation polynomial over F Q 2 if and only if gcd(2Q − 3, Q − 1) = 1, which always holds. Thus g(x Q 2 −2 ) is a permutation polynomial over F Q 2 , as is the reduction of g(x Q 2 −2 ) mod x Q 2 − x. Since this reduction equals (1) of Corollary 1.4 follows.
5.
The main result of [7] In this section we give a simple proof of a generalization of [7, Thm. 1]. Our proof is completely different from the one in [7] . Once again, µ Q+1 denotes the set of (Q + 1)-th roots of unity in F Q .
Theorem 5.1. Let Q be a prime power, let r be a positive integer, and let β be a (Q + 1)-th root of unity in
and only if all of the following hold:
(1) gcd(r, Q − 1) = 1 (2) gcd(r − d, Q + 1) = 1 (3) h(x) has no roots in µ Q+1 . Proof. Since h(x) := x d + β −1 satisfies the hypotheses of Theorem 5.1, the Corollary will follow from Theorem 5.1 once we show that the final conclusion in the Corollary is equivalent to the final conclusion in the Theorem. For this, note that h(x) has roots in µ Q+1 if and only if −β In case Q is even, Corollary 5.
3 is a refinement of [7, Thm. 1] .
